String theory on NS-NS AdS 3 ×S 3 admits an exactly marginal deformation which breaks the SL(2, R)
Introduction
Two dimensional conformal field theories with an SL(2, R) L × SL(2, R) R global symmetry are of central interest for a wide variety of applications in physics and mathematics. Interest in a possible new class of exotic 2D conformal field theories with a smaller group of U(1) L × SL(2, R) R global symmetries, including right but not left dilations, has recently arisen in several disparate contexts: topologically massive gravity [1] , Kerr/CFT [2] , nonlocal dipole theories [3, 4, 5, 6, 7] and AdS/CMT with Schrödinger spacetimes [8, 9, 10] . Quantum theories of gravity on warped AdS 3 which have U(1) L × SL(2, R) R isometries potentially provide holographic duals.
Understanding these exotic 2D theories and their holographic duals is a very challenging, but possibly soluble, problem. At present, there is no clearly understood example. Here we consider what may be the most tractable nontrivial example. It is a deformation of string theory on AdS 3 × S 3 × M 4 supported with NS-NS flux, where M 4 (T 4 or K3) is a four dimensional compact manifold. The deformation is constructed via the solution-generating so-called TsT transformation studied in [11, 12] , which warps both the AdS 3 and the S 3 and breaks the isometries as
The unbroken U(1) L is noncompact. We consider mainly the case where it is null and corresponds to left translations. 2 The word deformation must be used with some care in this case, because the deformation parameter can be set to unity by a coordinate transformation. It is therefore not a priori self-evident in what sense the deformed and undeformed theory are close.
The spectrum of string theory in the unwarped theory was described in [14] , building on the earlier work [15, 16, 17, 18] . The main result of the present paper is a description of the warped spectrum. This is possible because of the beautiful work of [19, 20] mapping the deformed worldsheet for a general TsT-deformed geometry to the undeformed worldsheet with twisted boundary conditions which are nonlocal in spacetime. The deformed massive string spectrum is then related to the undeformed spectrum by a spectral flow whose parameters depend on the U(1) L × U(1) R charges of the string mode.
The massless spectrum -which includes boundary gravitons and gluons of various kinds -is more subtle. The worldsheet analysis constrains but does not fully determine this spectrum. A full determination requires imposition of consistent asymptotic spacetime boundary conditions. In both supergravity and string theory it is certainly possible to construct linearized one-particle excitations which violate the boundary conditions, so the mere existence of a linearized solution to the equation of motion does not imply its physical inclusion. Moreover, examples are known [21] in string theory with more than one consistent set of boundary conditions for the same worldsheet theory, so there can not in general be a unique answer to which worldsheet modes should be included. In this paper we will stick to the pure worldsheet analysis and will not address spacetime boundary conditions. These boundary conditions and the associated holographic renormalization have been recently found to have an extremely interesting and subtle structure [22, 23] . We expect the worldsheet results herein to usefully inform and constrain future efforts to completely determine the consistent boundary conditions and associated spectra. For the boundary modes, we herein construct the vertex operators and describe how their asymptotic falloffs and associated symmetry generators change under the deformation.
Prior to deformation, the free multi-string Hilbert space forms a representation of both a left and a right spacetime Virasoro-SU(2)-Kac-Moody algebra. We show that the deformation manifestly preserves the action of a right Virasoro-U(1)-Kac-Moody, as well as a global left-moving U(1) L × SU(2) L . This strongly suggests that the spacetime theory is a conformal field theory with (at least) one Virasoro action. The fate of the other VirasoroKac-Moody generators depends on spacetime boundary conditions. We also investigate the surprising possibility of "crossover" Kac-Moody symmetries, which transform under the right-moving Virasoro but have zero modes which are left isometries. In particular we construct worldsheet weight (1, 1) vertex operators that form a tower of U(1) C × SU(2) C right-moving Kac-Moody boundary photons and gluons. We show that the zero mode is the unbroken U(1) L ×SU(2) L , and compute the level of the associated Kac-Moody algebra. Again whether or not the crossover modes should be physically included is a spacetime question outside the scope of the present paper.
While the crossover phenomenon sounds bizarre at first, it has in fact been previously encountered in a variety of contexts. For example [24, 25] considered circle compactification of AdS 3 to AdS 2 which preserved an SL(2, R) R isometry algebra along with its right-moving Virasoro enhancement, which acts as local conformal transformations in AdS 2 . The circle isometry is the unbroken U(1) L subgroup of the SL(2, R) L AdS 3 isometry group. After compactification, it is the global gauge transformation of the Kaluza-Klein U(1) L gauge field. This is promoted to a local gauge symmetry in AdS 2 which is a left → right crossover U(1) C Kac-Moody transforming under the right Virasoro. Furthermore, this symmetry structure may ultimately be responsible [26] for the Cardy-like expressions for the entropy of various types of warped black holes.
An interesting feature of these theories is that they lie at the crossroads of several current avenues of research. They have been investigated from a variety of complimentary viewpoints, other than the worldsheet perspective developed herein. From the point of view of the boundary conformal field theory Sym Q 2 (M 4 ), the deformation is generated by a certain dimension (1, 2) operator constructed from a chiral primary [6] . Holographic renormalization in Schrödinger spacetimes (of which this is a special case) has been studied in supergravity [27, 22, 23] : our results agree with these in the regime of overlapping validity. 2D theories with SL(2, R) R × U(1) L global symmetries have been analyzed using purely field theoretic methods in [28] . The asymptotic symmetry group can likely be analyzed with supergravity methods similar to the ones employed in [6, 7] . The TsT transformation yields theories similar to the dipole-deformed gauge theories [3, 4, 5] , which are TsT transformations of RR backgrounds. These are fascinating non-local theories similar in spirit but perhaps simpler than non-commutative gauge theories. It would certainly be interesting to see how the dipole star product enters the game. The existence of all these different approaches suggests that we will be able to learn a lot. This paper is organized as follows. In section 2 we briefly review the original work of [29, 30] , on which we heavily rely throughout, on worldsheet string theory and AdS/CFT on NS-NS AdS 3 × S 3 . In section 3 we present the null warped solution obtained via a TsT transformation, and derive the modified conformal weight of an operator dual to a charged massive scalar. In section 4 we show that the string worldsheet can be transformed by a field redefinition back to unwarped AdS 3 × S 3 at the price of twisted boundary conditions. The twists are reinterpreted as spectral flow and an exact formula for the modified spectrum of massive string states thereby derived. In section 5 we demonstrate agreement at low curvatures between the string and supergravity formulae for the spectrum. In section 6 we describe the fate of the various boundary gluons and gravitons related to Virasoro Kac-Moody symmetries in the undeformed theory, as well as the crossover modes. In section 7 we briefly discuss the finite temperature properties of the theory. 
where dΩ 3 is the line element on a unit three sphere. In this paper we work in Lorentzian signature, therefore γ andγ should be thought as independent left and right-moving coordinates, instead of being complex conjugate to each other. 3 This solution can also be obtained as the near horizon geometry of the NS1-NS5 configuration [31] , with Q NS1 branes and Q NS5 branes. The background preserves
The worldsheet Lagrangian is
is a left (right) -moving null coordinate and · · · denotes terms invariant under shift of γ and ψ.The AdS 3 part of the action can be rewritten in terms of the auxiliary fields
At the boundary of AdS 3 , ρ → ∞, the interaction term ββe −2ρ is suppressed, and the AdS 3 part of the theory can be approximated by the left-moving free fields (β(z), γ(z)), the right-moving free fields (β(z),γ(z)), and the non-chiral free fields ρ(z,z).
Conserved currents
At the level of the classical sigma model, the SL(2, R) currents are
where currents with bars are right-moving while currents without bars are left-moving. The classical SU(2) currents are
The spectrum
The spectrum of the SL(2, R) WZW model is given in [14] building on earlier works including [15, 16, 17, 18] . The Hilbert space is decomposed into the representation of SL(2, R) L × SL(2, R) R current algebra
is an irreducible representation of the SL(2, R) generated by the highest weight representation, while C w j,α is generated from the principal continuous representation. w is the winding number. D 
Primary vertex operators
The basic building block for worldsheet vertex operators is the boundary primary operator with conformal weight
where (x,x) are the left and right null coordinates of the boundary CFT, while γ,γ and ρ are worldsheet operators depending on the worldsheet coordinates (z,z). In momentum space, we have
and
Note that the modified Bessel function of the first kind
as ρ → ∞.
Supergravity analysis
This section describes the warped supergravity solution and the deformation of its spectrum of linearized excitations. In particular we generalize to the charged case the formula of [27] for the boundary conformal weight of the operator dual to a scalar. The solution we are interested in is a TsT transformation of AdS 3 × S 3 . To obtain it we compactify and then T dualize along γ, shift ψ → ψ − 2 λ Q γ, T dualize along γ again, decompactify and then shift γ → γ + λ 2 ψ. The new gravity solution is
The new background has the reduced isometry group
Dimensional reduction on the three sphere gives a null warped AdS 3 in three dimensions, with the metric
and an SU(2) R gauge field
breaking SU(2) R to U(1) R .
In the supergravity approximation, scalar waves on the deformed background (3.1) can be expanded as
The wave equation is separable. The radial equation and angular equation are
where M is the mass in six dimensions, and K is the separation constant. One finds that the radial equation is changed only by the shift
The angular equation is independent of the deformation and remains that of the round S 3 . Therefore for highest weight representation, the quantization condition for the highest weight state is
The falloff is modified accordingly and the SL(2, R) R weight becomes
String analysis
In this section we map, following [19, 20] , string theory on the TsT-deformed background back to string theory on AdS 3 × S 3 with twisted boundary conditions. The twisting involves the left momentum p and the right chargē q and so we work in terms of (p,q) eigenstates. We then use this map to derive an exact formula for the deformed massive spectrum in terms of the undeformed one. Massless modes will be discussed in section 6.
Nonlocal field redefinition
The string worldsheet Lagrangian on the background (3.1) is, to leading order in the large-Q sigma-model expansion
with the constraints Inserting this field redefinition into the equation of motion and constraints eliminates λ and reverts local worldsheet dynamics to that of AdS 3 × S 3 . In particular there is a full SL(2, R) L × SU(2) L × SL(2, R) R × SU(2) R set of locally conserved worldsheet currents.
The integrated form of the field redefinition can be written aŝ
where µ is the bosonization of the current j − , namely 6) andφ is the bosonization of U(1) R currentk 3 ,
By definition, µ is left-moving, andφ is right-moving. We define the zero mode momentum and charge by
Here the contour is around the closed string worldsheet at fixed time. Note that the definition ofq above is chosen in such a way that it matches the canonical momentum associated to a shift ψ → ψ + ǫ in (4.1) and, thus, the quantity denoted byq in the supergravity analysis of the previous section. Because ψ is a compact direction,q is naturally integrally quantized. Letting 0 ≤ σ ≤ 2π denote a parameter along such a contour we find the twisted boundary conditionŝ
To conclude, string theory on the TsT background is the same as string theory on AdS 3 × S 3 with the twisted boundary condition (4.9). Beyond the sigma model/supergravity expansion, we will simply def ine string theory on the TsT background as the theory obtained by twisting the boundary condition on AdS 3 × S 3 according to (4.9). Note that for string with chargeq the σ = 2π end of the string is shifted along the null directionγ by 2πλq/Q from the σ = 0 end. These strings resemble the dipole strings of [32] , and have a nonlocal character. Waves along the string are continuous across σ = 0 and can jump instantaneously in theγ direction. Hence in these variables the physics is nonlocal.
The great advantage of working with the hatted variables is that their local behavior is given by the AdS 3 × S 3 sigma model. Therefore, we can use the standard OPEs from that case to construct vertex operators and solve for the spectrum of the theory.
Spectral flow
We will now show that the twisted boundary conditions (4.9) define a spectral flow with respect to the charges (p,q). The magnitude of the spectral flow is dependent on the sector of the Hilbert spaces labelled by (p,q). Nevertheless the standard spectral flow formulae may be applied to obtain the deformed spectrum.
Vertex operators
In this section we describe the vertex operators V p,q creating states of definite (p,q). In the free field approximation to the AdS 3 × S 3 model, we have the leading OPEs µ(z)γ(w) ∼ − ln(z − w), (4.10)
Corrections to the free field approximation produced by insertions of ββe −2ρ
will not produce any phases in OPEs. By definitions V p,q must satisfy:
Moreover the monodromy condition (4.9) for physical states requires the log terms in the OPÊ
Using the OPEs (4.10)-(4.12), it is easy to show that the following vertex operators have the right properties:
whereV p,q has no U(1) charges. Since γ is non-compact and ϕ ∼ ϕ + 4π
The vertex operator (4.15) is just the undeformed operator V (0)p,q in the AdS 3 × S 3 model dressed by the spectral flow operator U
where
acts on both the left and the right. Using the free field approximation (4.10) and (4.12), it is easy to see that U does create the needed branch cuts producing (4.9). We need to show that the deformed vertex operators are mutually local. It is easily seen that the OPE between two operators V p,q (z) and V p ′ ,q ′ (w) acquires the λ-dependent prefactor (z −w)(z − w)
which has no branch cuts. Hence, the deformation does not disturb mutual locality of the vertex operators. The spectral flow can be also viewed as a SO(2, 1) rotation on the Narain lattice, rotatingγ,ψ to γ, ψ.
If V p,q is the Fourier transform with respect toγ of a boundary primary, before the deformation it contains a factor Φ (0)h (p,x; z,z). After the deformation, it becomes Φ h (p,x; z,z) = Φ (0)h (p,x; z,z)U.
(4.19)
The massive spectrum
Given that all we are doing is a spectral flow transformation of the undeformed AdS 3 × S 3 model, we can easily find the worldsheet weights of our new operators. Including the renormalization of Q due to quantum effects shifts Q → Q − 2 and the worldsheet stress tensor is
where j a are SL(2, R) currents and k a are SU(2) currents. According to the spectral flow (4.17), the deformed Virasoro and current algebra modes on the circle are given by
where on the right hand side are the undeformed modes built from the periodic AdS 3 × S 3 fields. Using the relation
the on-shell condition for the deformed state in terms of the undeformed charges becomes
where h andh are the SL(2, R) weights, J andJ are the SU(2) weights, N andN are oscillator numbers and a andā are contributions from ghosts and the compact M 4 . Note that the level matching condition is automatically preserved by the spectral flow. However in order to preserve the L 0 = 0 and L 0 = 0 condition the value of h andh must be adjusted according to (4.25) and (4.26).
Massive string vs supergravity modes
From (4.25) and (4.26), we can read the on-shell condition for the primary field, and reproduce the supergravity result. Here we will not distinguish Q and Q − 2 because we are in the classical limit. For the highest weight representation
Therefore the conformal weights will be modified tō
where m is the mass in three dimensions,
The weights (5.2) and (3.9) are exactly the same if we identify M 2 = 4(N −ā).
6 Boundary modes 6.1 Right-movers
Gravitons
For the right-moving boundary gravitons, p = 0, therefore the on-shell condition is unchanged, with spacetime conformal weights (h,h) = (0, 2). Boundary gravitons are created by nontrivial diffeomorphisms. The weight (1, 1) vertex operator for a general infinitesimal diffeomorphism ζ µ and gauge transformation Λ µ is, to leading order in the α ′ sigma model expansion,
For the nontrivial right-moving diffeomorphisms parameterized by e ipγ , the diffeomorphisms are
These vertex operators carry neither left momentum nor right charge and are unaffected by the deformation. Hence the tower of right-moving massless gravitons remains intact. The right-moving boundary stress tensor is
According to [33] , the above definition is equivalent to that of [30] 
One can check using the OPEs (4.10) and (4.11) that it indeed generates the Virasoro algebra
with the central termĪ = Q 2π ∂γ e i(p+p ′ )γ , (6.7) independent of λ. As was calculated in [34] and [35] , the central charge of the dual CFT in the classical limit is
The two point functions implyT B (p) has (h,h) = (0, 2). This suggests that the right-moving conformal symmetry of the boundary theory is unaffected by the deformation.
Gluons
In the undeformed theory, boundary SU(2) R gluons are created by the vertex operators
To get the above expression, note that in 6 dimensions the boundary gluons are a combination of diffeomorphism of the form ζ µ ∂ µ =k a e ipγ and a corresponding gauge transformation Λ a , for example Λ
e ipγ dψ. The associated nontrivial gauge transformations are generated by the contour integrals
which obey a SU(2) R Kac-Moody algebra at level Q 2 . The U(1) R subgroup generated by G 3 is unaffected by the deformation and the associated KacMoody tower of photons remains intact. However G ± is deformed to
Note that the dressing e ∓2i λ Q µ is dimension zero. However the OPE of the current in the integrand with a massive vertex operator is not chiral. For an operator of left momentum p, there is an extra factor of ((z −w)(z −w))
Hence the on-shell single-string states are not in a representation of the global SU(2) R algebra. This raises the possibility that the operators V ± (p) might be eliminated for some choice of boundary conditions for nonzero λ.
Left-movers 6.2.1 Gluons
In the undeformed theory, SU(2) L boundary gluons are created by the vertex operators
The associated nontrivial gauge transformations are generated by the contour integrals
which obey a SU(2) L Kac-Moody algebra at level k L = Q 2 . In the deformed theory, the expressions obtained from these by spectral flow are
14)
For nonzero p the vertex operator is no longer dimension (1, 1) and the generators do not form an algebra. Hence V a does not create a physical state and physical states are not in representations of G a (p), except for p = 0.
k a generates the unbroken global SU(2) L isometry. An onshell dimension (1, 1) vertex operator could be obtained by adding radial dependence and dressing with a factor of Φ h . But this will correspond to gauge transformations which presumably either fall off too fast and become trivial or blow up and violate asymptotic boundary conditions.
One might conclude from this that left-moving boundary gluons are not part of the physical spectrum. This may ultimately prove to be the case, but one cannot immediately draw that conclusion from the preceding. The boundary gluons are linearized pure gauge excitations of the SU(2) L gauge field obeying F a = 0, (6.16) which are simply
The equation or its solution do not involve the metric. Hence the linearized solutions are still there when we deform the theory. So where is the vertex operator which creates these modes? The problem is that so far we have worked in the covariant worldsheet formalism, which is in this context over-gauge fixed. The gauge symmetry is limited to gauge parameters obeying
is not a solution. To remedy this problem, we may use the worldsheet BRST formalism which is spacetime gauge covariant. Then the ghost number (1, 1) vertex operator creating an arbitrary gauge mode can be written
While this is BRST exact, it will not in general decouple in scattering amplitudes if ǫ does not vanish at infinity. For ǫ a = ǫ a (γ), this vertex operator creates the mode described in gravity by (6.17) . Whether or not we include such objects is ultimately a matter of boundary conditions and outside the scope of the present work.
Gravitons
The fate of the left-moving gravitons is similar. These are generated by nontrivial diffeomorphisms ζ (p) = e ipγ (∂ γ − ip 2 ∂ ρ ) for any λ. Their wavefunctions were explicitly computed in [27] where they are referred to as T modes. For nonzero p spectral flow of the undeformed covariant gauge vertex operator gives a new operator which is not dimension (1, 1) , and the massive string states are not in representations of the spectral-flowed left Virasoro. However there is a vertex operator similar to (6.19) which creates the worldsheet version of the supergravity T mode:
The zero mode generator on the worldsheet Q 2π e 2ρ ∂γ remains well behaved and generates the unbroken left translations U(1) L .
Crossover modes
In the undeformed theory, left-moving worldsheet currents lift to left-moving boundary CFT currents, and right-moving worldsheet currents lift to rightmoving boundary CFT currents. In this section we will present an alternate "crossover" possibility which is natural in the deformed theory: the zero modes of broken right-moving currents lift to currents in the boundary CFT which transform under the left-moving spacetime Virasoro. This phenomenon has been indicated in a variety of contexts [24, 25, 36, 26] .
Left translations → right Kac-Moody
Consider the "crossover" vector fields
which generate general diffeos of the form γ → γ + f (γ). The associated worldsheet currents are
The zero mode here ξ C (0) = β generates global U(1) L left translation, but we are dressing with the right momentum. The linearized metric fluctuation is created by the vertex operator
The generatorsḠ
transform canonically under the unbroken right Virasoro as 25) and obey a Kac-Moody algebra
26) with vanishing level. The level vanishes because β is null -we will see other cases below where it is nonzero. Since these operators carry neither left momentum nor U(1) R charge (p or q) they are unaffected by the deformation. In the undeformed theory, with Brown-Henneaux boundary conditions, they would ordinarily be excluded because their action on a left-moving graviton creates a mode that grows at infinity and violates the boundary condition. Put another way, the algebra consisting of a left and a right-moving Virasoro plus a right Kac-Moody whose zero mode is the same as the left Virasoro zero mode does not close.
In the deformed theory there may be other natural options, for example boundary conditions which eliminate the broken left Virasoro, and keep the crossover Kac-Moody. Boundary conditions of this general type are discussed in slightly different contexts in [24, 25, 36] . In this way it might be possible to define a string theory in which the vertex operators W C (p) in (6.23) are allowed but the broken Virasoros are not. In this paper however we concentrate on the worldsheet and leave these spacetime considerations to future work.
SU(2) L rotations → right Kac-Moody
Similar considerations apply to the SU(2) L Kac-Moody of the undeformed theory. The deformation breaks it down to the global subgroup, and the global generators can be dressed with the right momentum. The vertex operators and generators are 29) where for large Q the central term is
Similar to the U(1) L crossover, the SU(2) L crossover transforms under the unbroken right-moving Virasoro as
Black strings
If we heat up the NS1-NS5 string at left and right temperatures T L , T R , the near horizon geometry becomes which is still locally AdS 3 × S 3 . The string lies in the (t + , t − ) plane. Applying TsT to this (T dual along t − , shift ψ → ψ − 2 λ Q t − and then T dual along t − again) gives the dual of the deformed theory at finite temperature. Transforming to the coordinates
the string frame geometry is
(dχ + cos θdφ),
3)
It is easy to check that the entropy density per unit x =
is unaffected by the TsT transformation and is given by
where we have evaluated the entropy density along the line. The worldsheet sigma model on this warped black string can be transformed back to (7.1) by the field redefinition ∂χ = ∂χ + 2 Q αj 1 , 2πT L∂τ − = 2πT L∂ τ − + 2 Q αk 3 , (7.5)
where ) − αp yq (Q − 2)(1 − α 2 ) , (7.10)
→ p in the zero temperature limit T L → 0. Again, this reproduces the supergravity result in the large Q limit.
The U(1) L crossover vector fields are 
